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Abstract. This paper presents a procedure to couple shell and Generalized Beam Theory, GBT, el-
ements. The main focus of this procedure is the possibility to model mixed beam frame structures, 
which the traditional shell elements are applied at the joints and GBT elements are used to model the 
beams/columns. Such modeling technique can use the benefits of both elements. At the joints, shell 
elements can easily simulate different types of geometry conditions and details, such as stiffeners and 
holes; meanwhile, for the beams and columns, GBT can provide high performance, accuracy and an 
easy modeling approach with clear results. The numerical formulation is based on multi-freedom con-
strains techniques. A special attention is attributed to Master-Slaver method, which is developed based on 
GBT kinematic assumptions. Furthermore, there is a discussion concerning the choice of master degrees 
of freedom and its implications in numerical performance and the quality of model response. Finally, 
a detailed example of a thin-walled hollow circular cross-section is presented and its final results are 
compared with a full shell element model.

1. INTRODUCTION
Generalized Beam Theory, GBT, is a numerical approach, which was initially developed to de-
scribe open thin-walled beams by Richard Schardt in Darmstadt, Germany. This approach is 
applicable in linear analysis [1], but it has been further extended to geometric non-linear analy-
sis [2–4]. As an introductory point, this theory can be understood as a generalization of Vlasov 
Beam Theory [5]. Beyond that, GBT has a wider range of analysis, which involves distortion 
and shear deformation, [6–8]. In fact, GBT uses concepts of separation of variables to create i) 
generalized cross-section properties, which are based on shell theory; ii) a spatially-dependent 
longitudinal beam function. As a result, this approach presents an astonishing numerical perfor-
mance and a clear representation of the displacement and stress fields as a linear combination 
of the generalized cross-section properties and internal forces.

However, the majority of studies and applications of GBT are limited to a single beam model. 
Since many structures are composed by beam frames, it is necessary to handle the interaction 
among beams that share a common node. Here, it stands out two obstacles. The first one is 
due to complexity in the kinematic coupling among the GBT’s deformation shapes at the con-
nection node, which involves several modes simultaneously. The next section presents the bib-
liographic review and the state-of-art about this issue. The second obstacle is concerning the 
physical connection itself. In practical structural design, substantial amount of details rise at the
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connection, such as stiffeners, bolts and weldings for steel structures. These details not only
change the kinematic behavior of the connection, but they are infeasible to be modeled in as
beam element.

Thus, due to a high level of detailing in structural connections, shell and solid elements are
widely applied in their structural analysis. Therefore, it is convenient to split the structural
analysis into two domains: the first is the beam domain, in which GBT elements are applied;
the second one is the connection domains, in which shell or solid elements are used.

This domain separation leads directly to the question of how to couple the degrees of freedom
of shell and solid elements with the high order of GBT’s degrees of freedom, which represent
the modal deformation.

The current study develops a novel application of Multi-Freedom Constraints in a coupling
method between shell and GBT elements, in order to solve the question of the previous para-
graph. Also, it provides a detailed numerical example to illustrate the proposed method, as well
as to compare the result of the mixed GBT-shell models with pure shell models.

2. PURE GBT BEAM FRAME ANALYSIS
The expression used here, pure GBT beam frame analysis, is the nomenclature to describe nu-
merical models which only involve GBT’s finite elements.

The first studies in this application were not directly related to GBT, but they were concerning
warping transmission of Vlasov beam element [9], [10] and [11], which can be understood as
the first high mode of GBT.

Basaglia et al., [12] and [13], are the first ones to study the warping as a high mode of GBT.
They highlight not only the main role of the layout of connection in warping transmission, but
also identify and classify extra kinematic behavior of connection in high modes: internal sup-
port (no internal force and deformation transmission) and the inversed-clamped (totally inverse
transmission of internal forces and deformation).

To clarify how the connection layout affects the hight modes transmission, one can consider four
particular types of connections between beamswith ”I” profile: non-stiffener, box, diagonal, and
box-diagonal connections:

Figure 1: Type of connections to clarify the kinematic behavior in high modes

Box-Diagonal: The first connection in figure 1 leads to internal support behavior, which is
nothing less than the restrain of a cross-section warping and/or distortion by stiffeners. Since
all internal forces beyond of the traditional six degrees of freedom have two or more oppo-
site forces/bending moments in the cross-section, a stiffener component can directly link these
opposite forces/bending moments, which will annul them.
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Box: The second connection in figure 1 is an example of how it is possible to transmit inverse
internal forces of high modes. Figure 2.a shows how the bi-moment can be decomposed in
flanges’ bending moments. These bending moments, in their turn, are supported by the reaction
forces in the stiffeners. These reactions act in the column’s flanges as concentrated bending
moments, similar to the case of the beam’s flanges. However, these local bending moments
in the column have an opposite direction when compared to the local bending moments in the
flange of the beam. Therefore, an inverse internal force transmission mechanism is built.

Figure 2: Kinematic mechanism and equilibrium of connection; a) box with inversed transmission; b)
Non-Stiffener, which leads to transmission between warping and distortion; c) Diagonal stiffener with
directly transmission.

Non-Stiffener: The third connection in figure 1 explains not only a hinge behavior of GBT’s
high modes, but also it is a good example how these modes can be coupled due to connection.
Similar to the explanation of box connection, figure 2.b shows how the bi-moment is transmitted
among the flanges of columns and beams. However, in this case, instead of a reaction binary
force in vertical stiffener, the restraint is provided by the torsional inertia of each individual
column’s flange and the flexural bending stiffness of the web. Therefore, the warping in beam
is transformed it column’s distortion. In fact, there is a residual bi-moment inversed transmis-
sion between the beam and column, due to web stiffness. Nevertheless, the web’s capacity for
warping transmission is quite limited, specially in thin-walled structures.

Diagonal: The last connection in figure 1 has a direct transmission of internal forces and dis-
placements, which can be understood as clamped behavior. Differently from the box connec-
tions, the local bending moments of the beam’s flanges in the diagonal ones are not balanced by
binary forces due to the reactions of the stiffeners. Instead, they are balanced by the moments’
equilibrium at points of intersection among i) the flanges of the column; ii) the flange of the
beam; and iii) the diagonal stiffener, as presented in figure 2.c.

However, this simple explanation has the assumption of null torsional inertia in the stiffener
and flanges. If the connection has thick stiffener and flanges, then the torsion inertia in these
components will restrain the connection to warping. Consequently, this connection has a partial
behavior of box-diagonal connection, which limits the fully warping and bi-moment transmis-
sion.

3. CONNECTIONSOBTAINEDFROMCOUPLINGBETWEENGBTANDSHELLEL-
EMENTS
From the examples of warping transmission in the previous section, it becomes clear that the
connections involving GBT’s high modes are not only complex concerning about the kinematic
mechanism, but also about the unique properties of these modes. Besides that, a usual structure
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connection involves many details, such as welds, bolts, holes, stiffeners etc, which require a
minute modeling and analysis, usually carried on by shell or solid finite elements.

Since the main field of application of GBT is thin-walled structures and the connections of
these structures are often modeled by shell elements, the focus of this section is in the coupling
between these elements and GBT elements.

The coupling approach proposed here is a novel application of multi-freedom constraint based
on Master-Slave method for beam frames and connections [14, 15]. It uses the superposition
property of GBT’s deformation modes to setup the relationship between the master and slavers
degrees of freedom. Furthermore, these degrees of freedom are divided in two groups: shell and
GBT. Each group is related to a master or slaver degree of freedom and different of traditional
applications. The presented approach predefines which group is the master and which is the
slaver. These details are discussed in the sequence.

3.1. Definition of master and slaver degrees of freedom
Usually, in Master-Slaver multi-freedom constraintmethod, there is no rule in the definition of
which degree of freedom is the master and which one is the slaver. However, in the present
implementation, this definition is predefined. Since the main focus of the proposed procedure
is to build up a degree of freedom’s mapping of type shell-GBT or GBT-shell, and avoiding any
type of restrain of type GBT-GBT or shell-shell, one can classify the degree of freedom as shell
or GBT group. Once this limitation and classification are defined, the next issue is which group
is the master, and which is the slaver.

The direct answer of this question is: the degrees of freedom of GBT are the master ones.

This choice is not arbitrary. It is based on the fact that one GBT node has a lower amount
of degrees of freedom than the summation of all degrees of freedom of shell elements used
to described a cross-section. For instance, one can consider the coupling of a hollow circular
cross-section, as plotted in figure 3. This coupling cross-section has 28 shell nodes, each node
has 6 degrees of freedom, in a total of 168 degrees of freedom. This same cross-section can be
described in GBT by 6 deformation modes, having each one two degrees of freedom per node
(there are few exceptions, such as the uniform torsion or the uniform longitudinal elongation
deformation modes, which requires just one degree of freedom per node). Consequently, GBT
requires a total of 12 degrees of freedom.

Figure 3: Orientation of degrees of freedom in coupling between shell and GBT’s elements: a) generic
segmented cross-section b)hollow circular cross-section
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Since the finite elementmodel’s response is always limited by the coarse description of the cross-
section, the opposite choice, shell’s degrees of freedom as master ones, is numerical inefficient.
This alternative definition requires only more computer effort to reach the results of the choice
mentioned on the previous paragraph.

3.2. Master-Slaver relationships based on GBT’s deformation modes
The coupling between shell and GBT’s degrees of freedom can be expressed in matrix form
as:

[ϑ ]shell = [Tc] [ϑ ]GBT (1)

Where, [ϑ ]shell and [ϑ ]GBT are the displacement vectors of shell and GBT’s degrees of freedom,
respectively; and [Tc] is the multi-freedom constrainttransformation matrix, which is based on
GBT’s description of displacement field as a summation of the modal displacement:

u(x,s) =
n

∑
i=1

iu(s) iV,x (x) (2) v(x,s) =
n

∑
i=1

iv(s) iV (x) (3) w(x,s) =
n

∑
i=1

iw(s) iV (x) (4)

Here, u, v and w are the displacement in longitudinal, transversal tangential and transversal
perpendicular directions respectively, as shown in figure 3; V is the amplification function
of these displacements along the beam length; and the upper-left index i indicates the GBT’s
deformation mode. Hence, these equations are used to express the shell’s nodal displacement.
For instance, the longitudinal displacement of node 1, in shell element discretization shown in
figure 3, can be expressed as:

u1,shell =
m

∑
i=1

iu(s) iV,x (x =−L/2) (5)

Where, the longitudinal position in beam element, x, is set at one of the extreme nodes: x=−L/2
or x = L/2 (in a centered-origin element). This summation can be represented in a matrix form,
which is already the main component of multi-freedom constraint transformation matrix:

[u]shell = [Tc]u [V,x]GBT ;



u1
u2
u3
u4
...

un


shell

=



1u1
2u1

3u1 . . . mu1
1u2

2u2
3u2 . . . mu2

1u3
2u3

3u3 . . . mu3
1u4

2u4
3u4 . . . mu4

... ... ... . . . ...
1un

2un
3un . . . mun




1V

2V,x
3V,x
...

mV,x


GBT

(6)

Here, the indexes n andm indicate the number of shell node andGBT’smodes, respectively.

It is not necessary that the shell nodes and the GBT cross-section discretization nodes are in
the same geometric position. The only restriction is the imposition of shell nodes to be in the
middle line of the cross-section discretization. Since this condition is maintained, an arbitrary
shell node position can be coupled with GBT modes by the interpolation functions of the cross-
section segment. For instance, a linear interpolation function of u, in a centered-origin segment
of a cross-section, can be expressed by:

iuh (s) =
[
s 1

] 1
2ls

[
−2 2
ls ls

] i[u1
u2

]
= [T sHe1] [ShHe1cc]

i [uh] (7)

Where s is the position in cross-section segment and ls is the total segment length. The intro-
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duction of this expression in eq. 6 leads to:

u1
u2
u3
u4
...

un


shell

= [T S1]seg [uh]seg


1V

2V,x
3V,x
...

nV,x


GBT

(8)

Here, [T S1]seg is a matrix, which the number of rows is the number of shell nodes and the number
of columns is the number of segments of the cross-section that contains the shell nodes. This ma-
trix is populated in each row by the linear Hermitian interpolation function of [T sHe1] [ShHe1cc],
in the respective column of the segment, which has the shell node. For example, in a hypothetic
application, the shell nodes 1 is in cross-section segment 1, shell nodes 2 and 3 are in segment
2 and shell node 4 is segment 3. For this case, one obtains the following interpolation segment
matrix:

[T S1]seg =


[T sHe1]s1 [ShHe1cc]s1 0 0 . . .

0 [T sHe1]s2 [ShHe1cc]s2 0 . . .
0 [T sHe1]s2 [ShHe1cc]s2 0 . . .
0 0 [T sHe1]s3 [ShHe1cc]s3 . . .
... ... ... . . .

 (9)

Where the lower-right indexes s1, s2 and s3 indicate the relative cross-section segment. The
second matrix in right-hand side of eq. 8, [uh]seg, is nothing less that all modal longitudinal
displacement of each segment, which has shell nodes:

[uh]seg =


1 [uh]s1

2 [uh]s1
3 [uh]s1 . . . m [uh]s1

1 [uh]s2
2 [uh]s2

3 [uh]s2 . . . m [uh]s2
1 [uh]s3

2 [uh]s3
3 [uh]s3 . . . m [uh]s3... ... ... . . . ...

 (10)

The transversal displacement v and w are obtained in a similar way. The only change is the
absence of mode 1. If the shell nodes share the same position of GBT nodes of cross-section
discretization, one finds:

[v]shell = [Tc]v [V ]GBT ;


v1
v2
v3
...

vn


shell

=


2v1

3v1
4v1 . . . nv1

2v2
3v2

4v2 . . . nv2
2v3

3v3
4v3 . . . nv3

... ... ... . . . ...
2v6

3v6
4v6 . . . nv6




2V
3V
4V
...

nV,x


GBT

(11)

[w]shell = [Tc]w [V ]GBT ;


w1
w2
w3
...

wn


shell

=


2w1

3w1
4w1 . . . nw1

2w2
3w2

4w2 . . . nw2
2w3

3w3
4w3 . . . nw3

... ... ... . . . ...
2w6

3w6
4w6 . . . nw6




2V
3V
4V
...

nV


GBT

(12)

Else, the shell nodes are in another point of the cross-section segments. It is necessary to apply

6



Bianco, M. et. al.

the interpolation functions of respective displacement, which leads to:

v1
v2
v3
v4
...

vn


shell

= [T S1]seg [vh]seg


2V
3V
4V
...

nV


GBT

(13)



w1
w2
w3
w4
...

wn


shell

= [T S3]seg [wh]seg


2V
3V
4V
...

nV


GBT

(14)

Where, [T S3]seg is the cubic Hermitian interpolation function of transversal displacement w
given by:

iwh(s)=
[
s3 s2 s 1

] 1
8l3

s


16 8ls −16 8ls
0 −4l2

s 0 4l2
s

−12l2
s −2l3

s 12l2
s −2l3

s
4l3

s l4
s 4l3

s −l4
s


i

w1
ϕ1
w2
ϕ2

=[T sHe3][ShHe3cc]
i [wh] (15)

The GBTmodal segment matrices: [vh]seg and [wh]seg follow the same procedure of longitudinal
displacement.

Concerning the rotational degrees of freedom, one can directly setup the coupling of transversal
rotation, υ , as shown in figure 3.a, between shell elements and the generic segmented cross-
section based on GBT definition of longitudinal rotation:

υ (x,s) =
n

∑
i=1

iw(s) iV,x (x) (16)

Thus, the transversal rotation coupling can be expressed by the multi-freedom constraint trans-
formation matrix, [Tc]w, and GBT’s degrees of freedom of generalized rotation, [V,x]GBT , which
are given in equations 12 and 6, respectively:

[υ ]shell = [Tc]w [V,x]GBT (17)

In the more generic case, in which the shell nodes lay at an arbitrary point in the GBT segment,
the coupling expression is given by:

υ1
υ2
υ3
υ4
...

υn


shell

= [T S3]seg [wh]seg


2V,x
3V,x
4V,x
...

nV,x


GBT

(18)

Following a similar procedure, one obtains the coupling of longitudinal rotation, φ , which is
based on GBT’s definition of longitudinal rotation:

φ (x,s) =
n

∑
i=1

iw,s (s) iV (x) (19)

If GBT’s discretization and shell nodes share the same position, no interpolation in GBT segment
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is necessary. Thereby, one finds:

[φ]shell = [Tc]φ [V ]GBT ;



φ1
φ2
φ3
φ4
...

φn


shell

=



2φ1
3φ1

4φ1 . . . nφ1
2φ2

3φ2
4φ2 . . . nφ2

2φ3
3φ3

4φ3 . . . nφ3
2φ4

3φ4
4φ4 . . . nφ4

... ... ... . . . ...
2φn

3φn
4φn . . . nφn




2V
3V
4V
...

nV


GBT

(20)

Else, the coupling by interpolated values inside of a GBT segment can be expressed as:

φ1
φ2
φ3
φ4
...

φn


shell

= [T S3,s]seg [wh]seg


2V
3V
4V
...

nV


GBT

(21)

where, the subindex ,s indicates the first derivative of interpolation segmentmatrix [T S3]seg.

The transversal perpendicular rotational degree of freedom, χ , shown in figure 3.a, requires
special remarks.

The first one is about the GBT’s assumption of a linear variation of the longitudinal displacement
in each cross-section segment. It leads to a constant transversal perpendicular rotation in each
segment. Thus, if GBT’s discretization and shell nodes do not share the same position, one can
reach the following expression:

χ1
χ2
χ3
χ4
...

χn


shell

= [Tc]χ [V,x]GBT = [T S1,s]seg [uh]seg


1V

2V,x
3V,x
...

nV,x


GBT

(22)

However, since each segment can have a different constant value of this rotation, it leads to a
discontinuity at GBT nodes of cross-section discretization. Consequently, if GBT’s discretiza-
tion and shell nodes share the same position, there are ambiguous values of GBT transversal
perpendicular rotation to couple.

In a simple-minded approach, this problem can overcome the average among the transversal
perpendicular rotation of each segment that reach the node.

The second remark is about the type of shell element used. Many shell elements don’t have
this degree of freedom, which is named in literature as drilled degree of freedom. For these
shell elements, there is no coupling for this transversal rotation and all information about it is
vanished.

3.2.1. Couplingwith different global coordinate system - the hollow circular cross-section case
It is important to observe that the approach presented up to this point considers a common co-
ordinate system between shell and GBT elements. Usually, this condition is found in generic
segmented cross-section. However, for a hollow circular cross-section, under GBT’s formula-
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tion, the coordinate systems are not the same, such as local coordinate system presented in figure
4.b, which is left-hand. Therefore, coupling for hollow circular cross-section requires an extra
transformation for this displacement v and w:

[
[v]shell
[w]shell

]
Scs

=



−sin(θ1) . . . 0 cos(θ1) . . . 0
... . . . ... ... . . . ...
0 . . . −sin(θn) 0 . . . cos(θn)

cos(θ1) . . . 0 sin(θ1) . . . 0
... . . . ... ... . . . ...
0 . . . cos(θn) 0 . . . sin(θn)


[
[v]shell
[w]shell

]
GBT cs

(23)

Where, θn is the angle of each shell node according to GBT’s local coordinate system, as shown
in figure 4.b; the subindexes Scs and GBT cs indicate the Shell coordinate system and the GBT’s
coordinate system.

The transversal rotations require the same treatment:

[
[υ ]shell
[χ]shell

]
Scs

=



−sin(θ1) . . . 0 cos(θ1) . . . 0
... . . . ... ... . . . ...
0 . . . −sin(θn) 0 . . . cos(θn)

cos(θ1) . . . 0 sin(θ1) . . . 0
... . . . ... ... . . . ...
0 . . . cos(θn) 0 . . . sin(θn)


[
[υ ]shell
[χ]shell

]
GBT cs

(24)

3.2.2. Coupled stiffness matrix and external load vector
Once the multi-freedom constraint matrices are evaluated, the next step in the mixed shell-GBT
model is the setup of couped stiffness matrix and the external load vector. It is easily achieved
by the respective matrices transformation:

[K]cp = [Tc]
T
tot [K]uc [Tc]tot (25) [F ]cp = [Tc]

T
tot [F ]uc (26)

where, the subindexes cp and uc indicate the coupled and uncoupled matrices, respectively. The
total coupling transformation matrix, [Tc]tot , is an identity matrix of the same rank of the uncou-
pled stiffness matrix, which has the columns concerning the coupled shell’s degrees of freedom
removed. Furthermore, the row concerning these degrees of freedom are re-populated by the
values of matrices [Tc]u, [Tc]v, [Tc]w, [Tc]φ and [Tc]χ . The next section shows the implementation
of this matrix by a detailed example.

4. NUMERICAL EXAMPLE OF COUPLING GBT AND SHELL ELEMENTS
As a detailed numerical example of the application of coupling between Shell andGBT elements,
let us consider the thin-walled circular hollow steel cross-section shown in Figure 4. This cross-
section is applied in a vertical cantilever structure subjected to a linear projected surface load,
i.e. the total load applied on the structure is not a product of the surface load and the area of
the surface, it is the product of the surface load and the projected area on the global coordinate
direction z. The material parameters are Young Modulus E = 205,000N/mm2, Poisson’s ratio
µ = 0.3, and Shear Modulus G = 78,846.2N/mm2.
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Figure 4: Thin-walled circular hollow section under a linear projected force and a coupled shell ele-
ment segment; a) Elevation; b) Cross-section in GBT’s domain; c) Cross-section in shell’s domain at the
coupling point

4.1. Setup of finite element and coupling matrices
The structure is 30.5 m high, of which the upper 30m is modeled by 1 exact GBT element [16],
with 3 nodes per element, 2 degrees of freedom per node and 5 deformation modes: 1 for radial
deformation (i=a); 1 for bending (i=3); and 3 for ovalization (i=5,7 and 11). The respective
transversal and longitudinal displacements of these modes are provided in table. 1. Thus, there
is a total of 30 GBT’s degrees of freedom.

Table 1: Relevant orthogonal deformation shape modes in this example
i m iu iv⋆ iw
a 0 0 0 1
3 1 −r cos(θ) −sin(θ) cos(θ)
5 2 −r cos(2θ) −2sin(2θ) 22 cos(2θ)
7 3 −r cos(3θ) −3sin(3θ) 32 cos(3θ)
11 5 −r cos(5θ) −5sin(5θ) 52 cos(5θ)

The lower half meter is discretized by shell elements, which has 48 node elements in transversal
direction and 5 layers of elements in the longitudinal direction. Thus, the shell part of the model
has 288 nodes and 240 shell elements. Consequently, all elements have the same proportion and
shape. Moreover, they are limited to the well-known membrane behavior [17], which leads to
3 degrees of freedom per node. Therefore, a total of 864 degrees of freedom is obtained. From
this total, 48 nodes (144 degrees of freedom at the base) are restrained to the displacement. The
same amount will be restrained at the top cross-section of this prolongation by the multi-freedom
constraint matrix. The final mixed model has 576 free degrees of freedom from shell part.

The transformation from the local (shown in figure. 4.c) to global coordinate system of each shell
element and the assembly of the global stiffnessmatrix follows thewell-known approach of FEM
[17]. To this global stiffness obtained from the shell elements, the GBT stiffness matrices are
added, which, this step, are still uncoupled among each other, as well as among the membrane’s
degrees of freedom. Table 2 resumes the setup of the degrees of freedom.
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Table 2: Setup of degrees of freedom in mixed membrane-GBT model
displacement DOF’s Support restrain Master DOF Slavers DOF

u 1 to 288 1 to 48 – 241 to 288
v 289 to 576 289 to 337 – 529 to 576
w 577 to 864 577 to 625 – 817 to 864
3V 865;867;869 – 865 –

3V,x 866;868;870 – 866 –
5V 871;873;875 – 871 –

5V,x 872;874;876 – 872 –
7V 877;879;881 – 877 –

7V,x 878;880;882 – 878 –
11V 883;885;887 – 883 –

11V,x 884;886;888 – 884 –
15V 889;891;893 – 889 –

15V,x 890;892;894 – 890 –
aV 895;897;899 – 895 –

aV,x 896;898;900 – 896 –

4.1.1. Coupling of longitudinal displacement - u

In order to couple the longitudinal displacement, u, one must evaluate the multi-freedom con-
straint transformation matrix, [Tc]u, for each slaver degree of freedom with respect to each GBT
mode. To do so, it is necessary to compute the modal longitudinal displacement of each slaver
node, given in table 1, with the respective node angle θ , where the ∆θ between the nodes is 7.5◦

as presented in figure 4.b. These results are introduced into eq. 6, leading to:

[Tc]u =−750



866 872 878 884 890 896

241 cos(0◦) cos(0◦) cos(0◦) cos(0◦) cos(0◦) 0
242 cos(7.5◦) cos(15◦) cos(22.5◦) cos(37.5◦) cos(52.5◦) 0
243 cos(15◦) cos(30◦) cos(45◦) cos(75◦) cos(105◦) 0
244 cos(22.5◦) cos(45◦) cos(67.5◦) cos(112.5◦) cos(157.5◦) 0
... ... ... ... ... ... ...

288 cos(352.5◦) cos(705◦) cos(1057.5◦) cos(1762.5◦) cos(2467.5◦) 0

 (27)

On the left and on the top, the row and column indexes indicate the slave and master degrees of
freedom, respectively. Since the longitudinal displacement of GBT is consistent with the global
coordinate system of the membranes, no extra transformation is required for these degrees of
freedom.

4.1.2. Coupling of transversal displacements - v and w

Similar to the coupling of longitudinal displacement, the transversal coupling is obtained by
the multi-freedom constraint transformation matrices [Tc]v and [Tc]w, which are based on the
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expression of table 1. Therefore, one can find:

[Tc]v =−1



865 871 877 883 889 895

529 sin(0◦) 2sin(0◦) 3sin(0◦) 5sin(0◦) 7sin(0◦) 0
530 sin(7.5◦) 2sin(15◦) 3sin(22.5◦) 5sin(37.5◦) 7sin(52.5◦) 0
531 sin(15◦) 2sin(30◦) 3sin(45◦) 5sin(75◦) 7sin(105◦) 0
532 sin(22.5◦) 2sin(45◦) 3sin(67.5◦) 5sin(112.5◦) 7sin(157.5◦) 0
... ... ... ... ... ... ...

576 sin(352.5◦) 2sin(705◦) 3sin(1057.5◦) 5sin(1762.5◦) 7sin(2467.5◦) 0

 (28)

[Tc]w =



865 871 877 883 889 895

817 cos(0◦) 4cos(0◦) 9cos(0◦) 25cos(0◦) 49cos(0◦) 1
818 cos(7.5◦) 4cos(15◦) 9cos(22.5◦) 25cos(37.5◦) 49cos(52.5◦) 1
819 cos(15◦) 4cos(30◦) 9cos(45◦) 25cos(75◦) 49cos(105◦) 1
820 cos(22.5◦) 4cos(45◦) 9cos(67.5◦) 25cos(112.5◦) 49cos(157.5◦) 1
... ... ... ... ... ... ...

864 cos(352.5◦) 4cos(705◦) 9cos(1057.5◦) 25cos(1762.5◦) 49cos(2467.5◦) 1

 (29)

Different from the longitudinal displacement, the GBT transversal ones are not in the global
membrane’s coordinate system. Thereby, it requires the transformation given in eq. 24, which
leads to:

[Tc]vw=



529 ... 576 817 ... 864

529 −sin(0◦) . . . 0 cos(0◦) . . . 0
... ... . . . ... ... . . . ...

576 0 . . . −sin(352.5◦) 0 . . . cos(352.5◦)
817 cos(0◦) . . . 0 sin(0◦) . . . 0
... ... . . . ... ... . . . ...

864 0 . . . cos(352.5◦) 0 . . . sin(352.5◦)


[
[Tc]v
[Tc]w

]
(30)

4.2. Finite element solution
Once the multi-freedom constraint transformation matrices are evaluated for each displacement
direction, a total form of these matrices, [Tc]tot , can be built up.

As mentioned before, initially an identity matrix, I, is defined. Its dimensions have the same
number of no-support degrees of freedom, 756x756. From this matrix, all columns correspond-
ing to slave degrees of freedom are removed, which leads to the dimension 756x612. Thereafter,
each component of the rows, which are concerning the slave degrees of freedom, is replaced by
the respective term from the matrices [Tc]u and [Tc]vw.

With the definition of the total multi-freedom constraint transformation matrix, one can achieve
the coupled free stiffness matrix, [K]cp by eq. 25, in which the dimensions are 612x612.

Since in this example there is no external load applied in the slave degrees of freedom, the
external load vector can be directly assembled without the related rows. Alternatively, one can
apply eq. 26. The same external load vector is reached.

12
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Finally, the numerical values of the degrees of freedom are achieved by a standard solver, such
as the Cholesky decomposition, which is used here. Table. 3 presents the numerical solution for
GBT elements:

Table 3: Solution of GBT’s degrees of freedom, in mm

mode V
(
x =−L

2

)
V,x

(
x =−L

2

)
V (x = 0) V,x (x = 0) V

(
x = L

2

)
V,x

(
x = L

2

)
3 1.793E-1 5.535E-4 2.901E+2 1.298E-2 1.024E+2 1.116E-2
5 -1.302E-2 -4.488E-5 -1.325E+1 -4.788E-4 -5.867E+0 -5.130E-4
7 6.048E-4 2.088E-6 2.753E-1 9.021E-6 1.383E-1 9.172E-6
11 -6.473E-6 -2.351E-8 -1.573E-3 -4.965E-8 -7.885E-4 -5.257E-8
axial 7.619E-15 -1.524E-8 -4.573E-4 -1.524E-8 -2.287E-4 -1.524E-8

One important remark is concerning the indirect coupling among the GBT’s degrees of freedom
of orthogonal modes. Unlike the GBT’s linear analysis, which each model is solved completely
isolated from the others, in the mixed model this is no longer possible. The multi-freedom
constraint transformation matrices build this indirect coupling, which requires solving a relative
large linear system.

4.3. Analysis of displacement field
To perform an evaluation of the results obtained in themixedmodel above, four full shell element
models are used as a control parameter, obtained from commercial ANSYS® software. The
difference among these models is the type of interpolation function applied: linear (shell-63
and shell-181) or quadratic (shell-93 and shell-281). These elements are based on one of the
following kinematic hypotheses: Kirchhoff-Love (shell-63 and shell-93) and Mindlin-Reissner
(shell-181 and shell-281). All models have the same discretization, which has 100 elements
in the cross-section, and 610 segments in the longitudinal direction. In total, each model has
61,000 elements, which leads to 366,600 and 1,099,200 degrees of freedom for the linear and
quadratic element models, respectively.

The two figures below plot the comparison among all models for the transversal displacement
at top cross-section. The modal displacement field of GBT is plotted as well.

Figure 5: Results of top cross-section: transversal displacement of mixed shell-GBT element model. The
GBT solution is obtained by the summation at top point of all modal deformation factors. The solution
achieved from the fully shell element models are also presented.

Here, the results of transversal displacements obtained from different fully shell element models
are almost the same. As shown in table 4, the highest mean difference is 0.93%, which occurs
between GBT and the model with shell type 281. Also, the standard deviation is on the same
order: 0.94%. The best agreement of results happens between GBT and the shell-93 model,
which has the mean difference and standard deviation of 0.62% and 0.07%, respectively.
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Table 4: Mean differences, in %, and standard deviation (SD) of displacement field between GBT and
shell element models at top point

element u v w

diff. SD diff. SD diff. SD
Shell-63 0.16% 0.34% 0.7% 0.12% 0.6% 0.3%
Shell-93 0.08% 0.24% 0.62% 0.07% 0.55% 0.18%
Shell-181 0.17% 0.17% 0.93% 0.94% 0.84% 0.86%
Shell-281 0.62% 0.07% 0.54% 0.19% 0% 0%

The diagrams of longitudinal displacements are plotted below as well. Similar to transversal
displacements, the differences among the models are almost imperceptible. The highest value
of the mean difference is 0.62%, which is between GBT and Shell element type 281.

Figure 6: Comparison of results among mixed shell-GBT and fully shell models at top cross-section:
longitudinal displacement.

4.4. Analysis of stress field
The comparisons among the mixed GBT-shell and the full-shell element models are placed at the
longitudinal position of x = 525mm. This point leads to GBT domain in the mixed model and
the center of the first elements after the coupling cross-section in the full-shell element models.
For this cross-section, one can obtain the following internal bending moments:

Figure 7: Comparison of results among mixed shell-GBT and fully shell models at point x = 525mm:
longitudinal bending moment, Mx

Table 5 shows GBT approaches to the solution of Shell-93. Also, it indicates that there is no
consensus among the different shell element models regarding the values of the plate’s bending
moment. Shell-281 has a clear deviation from the result of the other models.

Although Shell-93 gives the closest result to GBT in terms of the longitudinal bending moment,
it provides the farthest one concerning the transversal bending moment, as shown in Table 6.

Concerning the twist bending moment, Mθx, GBT’s results diverge from the Shell-93 ones and
converge to those of other models. Similar to longitudinal bending moment, there is an increase
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Table 5: Longitudinal bending moment, Mx, at x = 525mm: mean differences, (in the table’s upper-right
side), and their standard deviation (in the table’s lower-left side) among all models

Mx GBT Shell-63 Shell-93 Shell-181 Shell-281

GBT – -9.22% -0.59% -9.45% 79.57%
Shell 63 2.09% – -8.57% 0.25% 95.65%
Shell 93 4.64% 2.3% – -8.8% 77.55%
Shell 181 2.07% 0.02% 2.31% – 95.38%
Shell 281 19.48% 21.33% 22.18% 28.31% –

Figure 8: Comparison of results among mixed shell-GBT and fully shell models at point x = 525mm:
transversal bending moment, Mθ .

Table 6: Transversal bending moment, Mθ , at x = 525mm: mean differences, (in the table’s upper-right
side), and their standard deviation (in the table’s lower-left side) among all models

Mθ GBT Shell-63 Shell-93 Shell-181 Shell-281

GBT – 0.52% 41.17% 0.59% 0.61%
Shell 63 0.48% – -77.16% -0.06% 0.09%
Shell 93 192.69% 129.06% – -77.22% -77.04%
Shell 181 0.89% 0.49% 131.32% – 0.03%
Shell 281 0.29% 0.3% 128.97% 0.78% –

in the mean difference among GBT and all shell models, simultaneously with a decrease in the
standard deviation.

Figure 9: Comparison of results among mixed shell-GBT and fully shell models at point x = 525mm:
twist moment, Mθx.

Following the same representation, the internal shear forces can be compared to the results from
FEM based on shell elements, which indicates that GBT’s longitudinal shear force, Qx, ap-
proaches the results found for Shell-281. Shell-181 is another highlight in this internal force.
As presented in figure 11, the results of this shell model not only show a quantitative difference,
but also show a considerable qualitative one.
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Table 7: Twist bending moment, Mθx, at x = 525mm: mean differences, (in the table’s upper-right side),
and their standard deviation (in the table’s lower-left side) among all models

Mθx GBT Shell-63 Shell-93 Shell-181 Shell-281

GBT – 6.7% 6.77% 6.08% 7%
Shell 63 5.1% – 3.67% 1.07% 0.22%
Shell 93 18.41% 19.34% – 1.1% 3.97%
Shell 181 6.05% 8.2% 11% – 1.27%
Shell 281 6.35% 1.11% 20.39% 9.12% –

Figure 10: Comparison of results among mixed shell-GBT and fully shell models at point x = 525mm:
longitudinal shear force, Qx.

Table 8: Longitudinal plate’s shear, Qx, at x = 525mm: mean differences, (in the table’s upper-right side),
and their standard deviation (in the table’s lower-left side) among all models

Qx GBT Shell-93 Shell-181 Shell-281

GBT – 7.29% 55.43% 7.21%
Shell 93 17.05% – -22% 1.34%
Shell 181 401.58% 544% – -69.95%
Shell 281 8.59% 10.1% 70.59% –

Figure 11: Comparison of results among mixed shell-GBT and fully shell models at point x = 525mm:
transversal shear force, Qθ .

On the other hand, in the analysis of transversal shear force, Shell-181 presents a lower dif-
ference from the GBT results, mean difference of 1.91% and a standard deviation of 6.67%.

The lack of consensus about the plate’s internal forces does not happen in the case of longitudinal
and shear membrane forces. The proposed GBT-shell coupling model and all shell models lead
almost to the same solution. Each internal force is compared to the result of the shell finite
element models in the cross-section at point x=525 mm, as well:

However, the approximation of the cross-section analysis to the support conditions is reflected
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Table 9: Transversal plate’s shear, Qθ , at x = 525mm: mean differences, (in the table’s upper-right side),
and their standard deviation (in the table’s lower-left side) among all models

Qθ GBT Shell-93 Shell-181 Shell-281

GBT – 73.27% 1.91% 23.34%
Shell 93 362.26% – -151.6% 87.48%
Shell 181 6.67% 87.84% – 247.31%
Shell 281 496.43% 51.87% 852.02% –

Figure 12: Comparison of results among mixed shell-GBT and fully shell models at point x = 525mm:
longitudinal membrane force, Nx.

Figure 13: Comparison of results among mixed shell-GBT and fully shell models at point x = 525mm:
shear membrane force, Nθx.

Table 10: Longitudinal membrane force, Nx, at x = 525mm: mean differences, (in the table’s upper-right
side), and their standard deviation (in the table’s lower-left side) among all models

Nx GBT Shell-63 Shell-93 Shell-181 Shell-281

GBT – 0.02% -0.03% 0.05% -0.03%
Shell 63 0.17% – 0.05% -0.03% -0.05%
Shell 93 0.13% 0.04% – 0.08% 0.01%
Shell 181 0.19% 0.02% 0.06% – -0.08%
Shell 281 0.13% 0.04% 0% 0.06% –

in the membrane’s result in transversal direction, Nθ : Shell-181 presents higher results than any
other model. Moreover, there is no consensus among all models on the values of this inter-
nal force. Nevertheless, one can note that the values presented in figure 14 are really small
compared to the values of the other membrane forces given in figures 12 and 13.

5. CONCLUSION
This study presents and evaluates a coupling approach between shell and GBT elements. The
Multi-Freedom Constrain is based on the Master-Slaver method, from which the GBT degrees
of freedom are set as Master ones. Thus, the coupling equations of this approach are based on
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Table 11: Shear membrane force, Nθx, at x = 525mm: mean differences, (in the table’s upper-right side),
and their standard deviation (in the table’s lower-left side) among all models

Nθx GBT Shell-63 Shell-93 Shell-181 Shell-281

GBT – 0.02% -0.01% 0.02% -0.01%
Shell 63 0.15% – 0.03% 0.01% -0.03%
Shell 93 0.12% 0.03% – 0.03% 0%
Shell 181 0.17% 0.02% 0.05% – -0.03%
Shell 281 0.13% 0.02% 0.01% 0.04% –

Figure 14: Comparison of results among mixed shell-GBT and fully shell models at point x = 525mm:
transversal membrane force, Nθ

Table 12: Membrane tangential force, Nθ , at x = 525mm: mean differences, (in the table’s upper-right
side), and their standard deviation (in the table’s lower-left side) among all models

Nθ GBT Shell-63 Shell-93 Shell-181 Shell-281

GBT – 39.35% 22.54% 862.3% 35.73%
Shell 63 137.35% – 14.87% -82.61% -82.2%
Shell 93 33.48% 115.82% – 320.36% 26.09%
Shell 181 3.25% 0.87% 2041.77% – -86.47%
Shell 281 36.05% 110.91% 64.73% 0.79% –

the modal displacements of GBT.

Two consequences are derived from these coupling equations: i) the coupling among GBT
modes are already in the linear analysis; ii) the displacement and stress field of shell elements,
in the neighborhood of the connection, are limited to GBT’s assumptions.

Despite this limitation in shell elements, the numerical example shows a high convergence in the
displacement field among the proposed mixed model and different types of full shell element
models: i) linear or quadratic interpolation function; ii) Kirchhoff-Love or Mindlin-Reissner
hypothesis.

Concerning the stress fields, it has imperceptible differences for the internal forces Nx and Nθx.
The same evaluation can be built for the plate’s bending moments Mx, Mθ and Mθx and longi-
tudinal shear force, Qx. However, for these internal forces, one model of fully shell elements
leads to divergent results. The GBT results are approximately the same as the other models’
results.

The transversal shear force and the transversal membrane force, Qθ and Nθ respectively, cannot
have a conclusion of the perturbation of the coupling procedure, since all models have no con-
sensus on the final results. Nevertheless, the results of these internal forces are much lower than
any other internal force. In fact, they have a residual participation in the total stress field.
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