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ABSTRACT 

 

The behavior of high damping rubber bearings is highly complex. The models that are currently 

available are generally limited to unidirectional motion and, in most cases, difficult to extend to 

general bidirectional loading. One of the major limitations is their inability to characterize the 

behavior of the bearings at different levels of shear deformation. In the present work, a set of 

bidirectional models are presented, obtained by combining relatively simple bi-dimensional 

formulations. The models are calibrated over a set of unidirectional test data and are shown to 

accurately describe the response of the bearings at low, intermediate and high strain levels using a 

single set of parameters. Validation is carried out using bidirectional displacement-controlled tests 

available in the literature and numerical simulations are performed of a base-isolated building 

subjected to free vibration and bidirectional earthquake excitation. 

 

Keywords: High damping rubber bearings; seismic isolation; mathematical modeling.                    

 

1. Introduction 

 

Seismic isolation is a worldwide adopted technology for the protection of buildings and bridges 

from earthquakes. Building codes [1, 2] in countries that are prone to strong ground motions 

contain sections regulating the design, construction and retrofit of structures using seismic 

isolators. High damping rubber bearings (HDRBs) are one type of seismic isolator that is nowadays 

widely used around the world. They consist of layers of elastomeric pads, providing horizontal 

flexibility, reinforced with steel shims providing vertical stiffness [3]. The rubber is typically filled 

with carbon black, oils or resins to provide energy dissipation capacity. The behavior of HDRBs 

has features that are particularly appealing for earthquake protection. The bearings exhibit i) high 

stiffness and damping at low shear strains, minimizing the response under service loads and wind, 

ii) low shear stiffness, but yet adequate damping capacity, at the design displacement level, iii) an 

increase in stiffness and damping at higher displacement amplitudes, useful to limit displacements 

under major earthquakes. This highly nonlinear behavior makes the analysis of the response of 

such bearings quite challenging. While simple bilinear idealizations may be adequate to 

characterize the force-deformation response of isolation devices such as lead-rubber bearings and 

sliding isolators, the analysis of the behavior of HDRBs requires the development of more 

sophisticated mathematical models. Some other aspects that are difficult to account for are the 

variation of horizontal stiffness with axial load and the dependence of the buckling load on shear 

deformation. In addition to gravity loads, isolation bearings can be subjected to varying axial loads 

induced by strong wind and earthquakes. Sometimes, especially in tall buildings, the variation of 

vertical load can result in tension forces for some of the bearings. Seismic compressive overloads 

can cause buckling of the bearings, whereas tension may determine cavitation in the rubber layers. 

Axial forces in bearings are also affected by vertical ground accelerations, requiring the 

development of models that can account for the simultaneous action of horizontal and vertical 

ground motions. Further challenging factors are the bearings’ stiffness and strength degradation 

associated with loading history and the variation of their properties with temperature. Cyclic 



displacement-controlled laboratory tests on HDRBs reveal that force and stiffness of a virgin 

bearing are significantly larger in the first cycle than they are in subsequent cycles. Stiffness and 

strength degradation in the first cycle of loading at a given shear strain amplitude is often denoted 

as scragging [4], whereas the slow degradation in following cycles is denoted as Mullins’ effect 

[5]. If such effects are not accounted for, models that are calibrated with respect to the scragged 

cyclic response of the bearings will inevitably underestimate forces in the early stages of an 

earthquake. On the other hand, models that are unable to capture the long-term stiffness and 

strength degradation typical of the Mullins’ effect will underestimate displacements, and 

overestimate forces, in long-duration earthquakes. During their lifetime, seismic isolators are most 

likely to undergo large temperature excursions and the properties corresponding to the upper bound 

temperature may be considerably different than those corresponding to the lower bound. 

Generally, seismic regulations require that bearings be designed for the two extreme conditions 

and that the models used for analysis be calibrated using separate laboratory tests at the two 

prescribed temperatures. The ASCE/SEI 7-16 [1] proposes the use of lower and upper bounds for 

the nominal properties of seismic isolation bearings. Upper bounds lead to lower values of isolator 

displacements and larger values of the forces transmitted to the superstructure. On the other hand, 

lower bounds yield larger displacements and lower forces. The designer will alternatively use 

upper or lower bounds based on whether the safety of the superstructure is being assessed or that 

of the isolators. A general procedure for establishing upper and lower bound properties of seismic 

isolators through the use of modification factors was presented by McVitty and Constantinou [6]. 

As described above, the mechanical behavior of HDRBs is quite complex. A single comprehensive 

model capable of tackling all aspects of this complex behavior may be unfeasible, too 

sophisticated, or in most cases impractical. Based on the particular application, the use of simpler 

models dealing with specific aspects of the behavior might be preferable. Several models have 

been developed and are currently available in the literature. These can be classified as i) rate 

dependent and ii) rate-independent. Cyclic tests at multiple loading frequencies in the range of 

interest for seismic applications show negligible differences in terms of force-deformation 

response [7], justifying the large number of rate-independent models. On the other hand, creep and 

stress-relaxation phenomena exhibited by HDRBs can only be described by rate-dependent 

models. For a comprehensive review of the literature on modelling and analysis of HDRBs, we 

refer the reader to a recent work by Markou et al. [8]. With a few exceptions [9, 10], most of the 

existing models are mathematically based and rarely supported by a clear-cut and rigorous 

mechanical formulation enabling their use under general loading. In fact, they are usually restricted 

to unidirectional motion, while recent experiments [11, 12] have shown that bidirectional 

horizontal ground motions can result in stress states that are more severe than those induced by 

unidirectional motions of equal displacement amplitude. A large number of the models available 

require multiple calibrations, and separate sets of parameters, to accurately represent the behavior 

of the bearings at different strain levels. A model that is calibrated using cyclic tests at any given 

strain amplitude will not be reliable throughout the range of amplitudes that the bearing may 

experience. Moreover, extension to general loading conditions is in most cases not clear or 

extremely cumbersome.  

Recently, Markou and Manolis [13] proposed a very simple unidirectional model based on the 

combination of a number of well-known physical models and allowing for the cyclic behavior of 

HDRBs to be simulated at low, intermediate and large shear strains. Inspired by such an approach, 

a set of new bidirectional models are laid out in the present paper, also obtained by combining 

simple bi-dimensional formulations. The implementation of the resulting models is very 



straightforward and only one set of parameters is required to characterize the behavior of the 

bearings at different strain levels. The models are calibrated using a set of unidirectional harmonic 

tests at strain amplitudes varying between 5% and 200%, then validated using bidirectional 

displacement-controlled tests available in the literature and applied to simulate the free-vibration 

and 2D earthquake response of an actual base isolation system.                                                             

 

2. Models for high damping rubber bearings 

 

In this section, two-dimensional formulations are presented, separately, for i) nonlinear spring, ii) 

bounding surface plasticity model and iii) elastic-perfectly plastic model. Combinations of a 

number of these models are then proposed, resulting in three separate numerical models for the 

characterization of the force-displacement response of HDRBs.               

 

2.1. Nonlinear spring 

 

The finite deformation response of rubber-like materials is generally described using hyperelastic 

constitutive equations derived from an isotropic strain energy function. Very popular are, for 

example, the Rivlin [14] and Mooney-Rivlin [15] strain energy functions, and those proposed by 

Yeoh [16] and Gent [17]. For a detailed review of these and other constitutive models commonly 

used for rubbers the reader is referred to the work by Boyce and Arruda [18]. The nonlinear stress-

strain behavior of rubbers used in high damping rubber bearings results in high horizontal stiffness 

for low shear strains, very low stiffness for intermediate strains and an increasing stiffness at higher 

strains. As described and motivated by Grant et al. [9], to model this kind of behavior we introduce 

a nonlinear spring (NLS) with force, Fnls, defined by the following fifth-order odd polynomial 

function of displacement, u:             

 

 ( )2 4

1 2 3nls a a a= + +F u u u   (1) 

 

where a1, a2 and a3 are material parameters, and u=[uX, uY]T. A 1D representation of the force-

displacement relationship expressed by Eq. (1) is given in Fig. 1, clearly showing the sharp changes 

in stiffness typically observed in the behavior of high damping rubber bearings. Differentiating the 

force with respect to the displacement vector, the tangent stiffness matrix, Knls, is obtained:  
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2.2. Bounding surface plasticity model 

 

Bounding surface plasticity (BSP), originally developed by Dafalias and Popov [19], is a widely 

used framework for the development of constitutive equations for soils [20] and metals [21]. The 

main features of the approach are: i) the definition of a bounding surface in stress (stress resultant) 

space, prescribing the boundary between admissible and inadmissible stress states, and ii) mapping 

of the current stress state onto a stress state on the bounding surface, called the image stress. By 

expressing the post-elastic stiffness as a function of the distance from the current stress to the 

image stress allows for a smooth transition from elastic to plastic behavior. In this respect, 

bounding surface plasticity models are similar to smooth versions of the classical bilinear model  



 
Fig. 1.  Representative force-displacement behavior of 1D nonlinear spring. 

 

such as the Odzemir [22] and the Bouc-Wen [23, 24] models. Within the realm of bounding surface 

plasticity formulations, the one presented here was proposed by Grant et al. [9] to describe the 2D 

hysteretic behavior of high damping rubber bearings under cyclic loading. A unidirectional 

representation of the BSP hysteretic behavior is shown in Fig. 2a. The following expression is 

considered for the radius of the bounding surface:  
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where b1 and b2 are material parameters. As shown in Fig. 2b, the image force, F̂, is defined by 

projecting the unit vector of velocity, n, onto the bounding surface, that is     
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Magnitude, δ, and direction, μ, of the vector pointing from the current force point, Fbsp, to the 

image force point, F̂, on the bounding surface are given by: 
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The evolution of the force towards the image force is then defined by the following differential 

equations: 
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(a)                                                           (b) 

Fig. 2.  (a) Unidirectional force-displacement behavior of BSP model, (b) bounding surface for 

bidirectional loading. 

 

Finally, as shown in Fig. 2b, the current force, Fbsp, is determined as  
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Discretizing Eq. (6) in time using Backward-Euler integration gives 
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where subscripts denote discrete times. As explained in [25], an effective value of δn must be 

defined at the start of the time step in order to allow for sudden changes in the direction of loading, 

namely  
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Furthermore, from Eq. (5)2 and Eq. (8)1, the following expression for μ can be obtained   
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which does not depend on the current value of the force, Fbsp. The updating scheme used to 

compute the force at time tn+1, for given displacement, is presented in Procedure 1. A consistent 

tangent stiffness matrix, obtained by differentiating the discretized force with respect to the 

displacement vector, is also provided for use in force-controlled problems within an iterative 

procedure of the Newton type. Note that to alleviate notation, subscript n+1 denoting that a 

quantity is evaluated at time tn+1 is dropped in Procedure 1. 



Procedure 1.  Element force and tangent stiffness updating scheme for bounding surface 

plasticity-based model. 
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2.3. 2D Elastoplastic model 

 

In this section, the well-known elastic-perfectly plastic (EPP) 1D model shown in Fig. 3 is 

extended to two dimensions. The model is characterized by two parameters: the elastic stiffness, 

k, and the yield strength, Fy. Using the generalized material formalism [26, 27], we define the 

following form of complementary stored energy 
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where Fep=[Fep,X, Fep,Y]T is the force vector, and A=diag(1/k,1/k) is the matrix of elastic 

compliances. Moreover, the following complementary dissipation function is used 
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where χE is the indicator function of the elastic region, E={Fep|∥Fep∥2-Fy
2≤0}, a convex set. The 

indicator function [28, 29], χE, is defined as 
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Note that the elastic displacement, ue, and the plastic deformation rate, u̇p, are obtained as 
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Fig. 3.  1D Elastic-perfectly plastic hysteretic model. 

 

where ∂x denotes the partial derivative with respect to x. For compatibility of deformations we can 

then write 
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When specialized to the complementary stored energy given by Eq. (11), Eq. (15) becomes 
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Discretizing Eq. (16) in time using Backward-Euler, gives 

 

 ( )
( ), 1 , 1

, 1ep

ep n ep n n nc

ep n
t t


+ +

+

− −
+  − =

 
F

F F u u
A F 0   (17) 

 

where Δt is the time increment, and subscripts denote discrete times. Eq. (17) can be rearranged 

and written as 
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where bn=AFep,n+(un+1-un)=AFep,n+Δu. We recognize that Eq. (18) constitutes the first-order 

necessary optimality condition of the following minimization problem 
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Since the dissipation potential, ϕc, is represented by the indicator function of the elastic region, χE 

(Eq. (13)), minimization problem (19) may be restated as 
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By defining an elastic force increment, Ftrial=Fep,n+kΔu, and recalling that A=diag(1/k,1/k), we 

may write  
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where a constant term has merely been added to the objective function. Noting that bn=1/kFtrial, 

Eq. (21) may then be rearranged to give 
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Finally, multiplying the objective function by a constant, k, we obtain the equivalent minimization 

problem 
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A geometric interpretation of the minimization problem (23) is presented in Fig. 4.  

 

 
Fig. 4.  Geometric interpretation of minimization problem (20) and conceptual representation of 

predictor-corrector algorithm (Procedure 2) for 2D elastic-perfect plastic model.  



 

To compute a solution, we first introduce a multiplier, λ, and form the Lagrangian 
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We then write the Karush-Kuhn-Tucker first order optimality conditions [30, 31], given by 
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Finally, we propose a predictor-corrector scheme satisfying (25) that, given the displacement 

increment at time tn+1, computes the element force and tangent stiffness matrix. The proposed 

updating scheme is presented in Procedure 2. For further details of elastic predictor-plastic 

corrector (return mapping) algorithms commonly used in computational plasticity, the reader is 

referred to Simo and Hughes [32]. 

 

Procedure 2.  Element force and tangent stiffness updating scheme for 2D elastoplastic model. 
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2.4. Combination of models 

 

The relatively simple two-dimensional models presented in the previous subsections are now 

combined to obtain accurate and reliable models describing the bidirectional shear behavior of 

high damping rubber isolators. The three models suggested are given in Table 1. We recall that the 

nonlinear spring (NLS) is characterized by three parameters (a1, a2, a3), the bounding surface 

plasticity element (BSP) also by three parameters (b1, b2, b3), and the elastic-perfectly plastic 

element (EPP) by two (k, Fy). Note that by EPP smooth element we intend a BSP element with 

parameter b2=0. Moreover, the number of parameters for Model A is indicated as 11, and not 12, 

because following calibration the b2 parameter for one of the BSP models was found equal to zero. 

A larger number of parameters is required by models B and C, compared to A, to achieve a 

comparable accuracy. This is because EPP models are much simpler than the BSP model and more 

of them, namely five, are needed to characterize the behavior of the bearings at all levels of 

deformation. The calibration procedure and validation of the models proposed are illustrated in the 

following sections 3 and 4.  

 

Table 1.  Models for bidirectional shear behavior of high damping rubber bearings.      

  components number of parameters 

Model A 1 NLS + 3 BSP elements 11 

Model B 1 NLS + 1 BSP element + 5EPP elements 16 

Model C 1 NLS + 1 BSP element + 5EPP smooth elements 16 

 

3. Model calibration 

 

The models were calibrated using unidirectional displacement controlled harmonic tests carried 

out at the University of Basilicata on a HDRB of the kind manufactured for the retrofit of two 

reinforced concrete buildings in the town of Solarino, Sicily [33]. The isolator has the following 

characteristics: total height 169 mm, diameter 500 mm, rubber height 8×12 mm = 96 mm, steel 

height 3×11 mm=33 mm, end plates 2×20 mm = 40 mm. A picture of the bearing as mounted in 

the testing machine is given in Fig. 5. The tests were run at several strain amplitudes, γ, varying 

between 5% and 200%, at a frequency of 0.5 Hz and constant vertical pressure of 6 MPa. The 

parameters for each one of the three models proposed were identified using the Covariance Matrix 

Adaptation – Evolution Strategy (CMA-ES), an evolutionary algorithm developed by Hansen [34] 

and already used in identification studies of base isolation systems by Athanasiou et al. [35, 36]. 

The algorithm minimizes the difference between measured and computed forces, respectively Fm 

and Fc, calculated as 
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The identified parameters and fitting error for each model are presented in Table 2. We note that 

the three models exhibit comparable fitting errors and very good agreement with the experiments 

at all strain levels considered. A comparison between experimental and fitted force-displacement 

curves using Model A is shown in Fig. 6. 
 



 

 
Fig. 5.  HDRB tested at the University of Basilicata. 

 

 

 

 

 
Fig. 6.  Experimental and fitted force-displacement curves using Model A. 



Table 2.  Model parameters for Solarino HDRBs calibrated using unidirectional displacement 

controlled harmonic tests. 

Model A (e=2.31%) 

Nonlinear spring     

a1 685.3810 kN/m 

a2 -8699.0437 kN/m3 

a3 217257.8296 kN/m5 

3 BSP elements   

b1
(1) 3.5628 kN 

b2
(1) 0 kN/m2 

b3
(1) 302.5733 m-1 

b1
(2) 3.0669 kN 

b2
(2) 150.1665 kN/m2 

b3
(2) 17179.2427 m-1 

b1
(3) 12.2852 kN 

b2
(3) 1090.6767 kN/m2 

b3
(3) 32.6398 m-1 

 

 

Model B (e=2.39%)  Model C (e=2.42%) 

Nonlinear spring      Nonlinear spring     

a1 685.3810 kN/m  a1 685.3810 kN/m 

a2 -8699.0437 kN/m3  a2 -8699.0437 kN/m3 

a3 217257.8296 kN/m5  a3 217257.8296 kN/m5 

1 BSP element   
 1 BSP element   

b1 3.3575 kN  b1 6.3105 kN 

b2 1220.7453 kN/m2  b2 1165.4189 kN/m2 

b3 43.7695 m-1  b3 37.0644 m-1 

5 EPP elements   
 

5 EPP smooth elem.   

k(1) 3769.3312 kN/m  b1
(1) 1.5283 kN 

Fy
(1) 1.7298 kN  b3

(1) 32615.5177 m-1 

k(2) 59477.7737 kN/m  b1
(2) 5.5175 kN 

Fy
(2) 2.4744 kN  b3

(2) 27.1499 m-1 

k(3) 516.9582 kN/m  b1
(3) 0.3403 kN 

Fy
(3) 1.8433 kN  b3

(3) 1724865.9792 m-1 

k(4) 115.4633 kN/m  b1
(4) 3.5536 kN 

Fy
(4) 4.8602 kN  b3

(4) 237.0763 m-1 

k(5) 206.6036 kN/m  b1
(5) 1.6588 kN 

Fy
(5) 3.3575 kN  b3

(5) 3633.7940 m-1 



 

4. Model validation 

 

Ideally, one would validate the calibrated models with unidirectional and bidirectional 

experimental data not considered in the calibration. Unfortunately, no bidirectional test has yet 

been carried out on the Solarino bearings. Therefore, the potential ability of the suggested models 

to characterize the bidirectional shear behavior of high damping rubber bearings is examined by 

comparing qualitatively with experimental data available in the literature [9, 11]. The calibrated 

models are then also used to simulate a set of unidirectional free vibration tests performed on the 

full-scale Solarino building [37]. 

 

4.1. Bidirectional tests presented by Grant et al. (2004)              

 

In their paper [9], Grant et al. describe the results from bidirectional tests of high damping rubber 

bearings under imposed displacement orbits. The tests were carried out as part of the Caltrans 

Protective Systems Project at the University of California, Berkeley [38-40]. The four orbits shown 

in Fig. 7 were selected to investigate the bidirectional force-deformation behavior of the bearings. 

 

  
 

  
Fig. 7.  Orbits imposed in bidirectional displacement-controlled tests of high damping rubber 

bearings (Grant et al., 2004). 

 

The tests were carried out at varying maximum strain levels and a slow rate of approximately 0.01 

Hz. As follows, models A, B, and C, described and calibrated in sections 2 and 3, are used to 

analyze the bidirectional behavior of the Solarino high damping rubber bearings under selected 

displacement-controlled orbit tests from moderate (100%) to high (250%) maximum shear strain 

level. The objective of the simulations is twofold, first to assess whether the three different models 

lead to approximately the same results, and second, to qualitatively compare these results to the 

behavior exhibited in the experiments. Simulation of the cruciform tests, Fig. 8, shows the 

unidirectional response of the bearing in two orthogonal directions and basically no interaction 



between them. On the other hand, the other orbit test simulations, Figs. 9-11, illustrate the behavior 

of the bearing when subjected to loading in two orthogonal directions simultaneously. In these 

cases, coupling between components of motion is clear. The numerical simulations, as well as the 

experiments, show that increasing the displacement in one direction while keeping the 

displacement in the orthogonal direction fixed (orbits 2 and 3) affects the shear force in both 

directions. We note that the stiffness degradation effect exhibited by the bearings in the 

experiments, known as Mullins’ effect or scragging [4, 5], is not accounted for by the models. 

Besides that, the results of the simulations compare favorably, in a qualitative sense, with those of 

the experiments. Negligible differences can be seen in the results obtained with the three models 

A, B and C.        

                                               

 
Fig. 8.  Numerical results for cruciform orbit 1: γx = γy = 250% (solid lines) and γx = γy = 100% 

(dashed lines). 

 

 
Fig. 9.  Numerical results for box orbit 2: γx = γy = 250% (solid lines) and γx = γy = 100% 

(dashed lines). 

 

 
Fig. 10.  Numerical results for hourglass orbit 3: γx = γy = 200% (solid lines) and γx = γy = 100% 

(dashed lines). 

 



 
Fig. 11.  Numerical results for figure eight orbit 4: γx = γy = 200% (solid lines) and γx = γy = 

100% (dashed lines). 

 

4.2. Bidirectional tests by Abe et al. (2004)  

 

Abe et al. [11] also presented results from two-directional tests of high damping rubber bearings 

under imposed horizontal displacement paths and constant vertical pressure. In particular, they 

considered the circular and figure eight shaped orbits shown in Fig. 12. The components of motion 

are given by the following harmonics: 
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where U0=displacement amplitude; ω=frequency.  

 

  
Fig. 12.  Bidirectional horizontal displacement paths imposed in displacement-controlled tests on 

isolation bearings (Abe et al., 2004). 

 

By comparing the response of the bearings to unidirectional (U=U0sinωt) and bidirectional 

loadings, the authors highlight the coupling effects between horizontal force responses under two-

dimensional excitation. Numerical simulation of these tests using Model A presented in this paper 

provides the results shown in Fig. 13 and Fig. 14. The coupling effects seen in the experiments are 

also visible in the simulations. In the case of circular shaped orbits, the hysteresis loops become 

rounder than those corresponding to unidirectional excitation. Moreover, in figure eight 

displacement paths, the shape of the loops at maximum strain is considerably changed. In general, 



due to interaction between components of motion, the hysteresis loops under bidirectional 

horizontal excitation cover those under unidirectional loading. Similar trends can be seen in 

experiments by Yamamoto et al. [12] where high damping rubber bearings were subjected to a 

combination of elliptical and figure eight shaped orbits.     

          

  
Fig. 13.  Numerical results for circle shaped displacement path and comparison with 

unidirectional harmonic loading. 

 

  
Fig. 14.  Numerical results for figure eight shaped displacement path and comparison with 

unidirectional harmonic loading. 

 

4.3. Free vibration tests on the Solarino building 

 

In July 2004, a set of full-scale free vibration tests were carried out in the town of Solarino, Eastern 

Sicily, on a newly retrofitted reinforced concrete building. The building, retrofitted using a hybrid 

base isolation system composed of 12 high damping rubber bearings and 13 low friction sliding 

bearings, was pushed up to a certain displacement and then released. For details of the retrofitted 

building, the push-and-release tests, test set-up and instrumentation, the reader is referred to [37]. 

In this section, the free vibration tests are simulated using model A for the rubber bearings and an 

elastic-perfectly plastic element for the sliding isolators. For simplicity, the superstructure is taken 

as rigid and, given that the isolation system is almost perfectly symmetric, the isolators may be 

considered as superimposed. Both these hypotheses have been shown to be accurate in the quest 

of determining the response of the Solarino building base isolation system [41]. The parameters 

used to characterize the isolation system are given in Table 3. In addition to the 11 parameters 

describing the behavior of the rubber bearings, the mass, m, of the building, and the friction force, 

Fc, in the sliding bearings also need to be assigned. Two sets of parameters are considered. The 

first set, S1, was calibrated with the displacement history measured at the isolation level in free 

vibration Test 3. In the second set, S2, the 11 parameters characterizing the rubber bearings are 

those obtained in section 3 by fitting the hysteresis loops of the cyclic tests, the mass of the building 

is kept as in S1, and only the friction force in the sliding bearings was calibrated using the free 



vibration response. In both cases, the CMA-ES identification algorithm was used to determine the 

parameters. The displacement history of the Solarino base isolation system measured during free 

vibration Test 3 (used for calibration) and fitted using parameter set S1 is shown in Fig. 15. 

Measured and simulated displacement histories in the other free vibration tests are compared in 

Fig. 16. Note that displacement histories at locations near the four corners of the isolation system 

were measured during the tests and plotted in Fig. 16.   

 

Table 3.  Parameter sets used for Model A in free vibration response simulations. 

  units S1 S2 

Nonlinear spring    

a1 kN/m 235.1954 685.3810 

a2 kN/m3 0 -8699.0437 

a3 kN/m5 0 217257.8296 

3 BSP elements    

b1
(1) kN 4.9353 3.5628 

b2
(1) kN/m2 0 0 

b3
(1) m-1 74.9971 302.5733 

b1
(2) kN 0.0281 3.0669 

b2
(2) kN/m2 279.7979 150.1665 

b3
(2) m-1 28595.8308 17179.2427 

b1
(3) kN 60.3401 12.2852 

b2
(3) kN/m2 886.1791 1090.6767 

b3
(3) m-1 7.9131 32.6398 

mass kN s2/m 1183.2392 1183.2392 

Fc kN 2.4370 0 

 

 
Fig. 15.  Experimental (Test 3) and fitted free vibration response using Model A and parameter 

set S1 in Table 3. 

 



As shown in Fig. 17, a much stiffer response is obtained when using parameter set S2, calibrated 

with the laboratory cyclic tests. Discrepancies between laboratory and field calibrations may be 

explained by a number of physical reasons, the most important being temperature, aging and 

loading history [42-44]. The field tests were carried out in July 2004, when the temperature at the 

site varied presumably between a minimum of 20°C to a maximum of 34°C. On the other hand, 

the laboratory tests were performed at the University of Basilicata, in December 2014, with 

temperature well below 20°C. While the laboratory tests were performed under dynamic 

conditions at a constant frequency of 0.5 Hz, the free vibration field tests involved a long phase of 

quasi-static loading up to the target displacement. During this phase, creep effects may have 

softened the elastomer, most likely affecting the following dynamic phase of free vibration.  

 

 
 

 
Fig. 16.  Numerical simulation of free vibration tests on Solarino building using Model A and 

parameter set S1 in Table 3. 

 

5. Earthquake simulations 

 

In this section, the performance of the HDRB models described in the previous sections is 

illustrated via bidirectional earthquake simulations of the Solarino buildings. Two Italian 

acceleration records are considered for the simulations, one from the Irpinia 1980 earthquake and 

another from the L’Aquila 2009 event. The ground motions are scaled so that the 5% damped 

spectral acceleration of the EW component, at the fundamental period of the base-isolated building 

(T=2.35 s), is equal to that of the design spectrum provided by the seismic regulations at the time 

of the retrofit [45]. Characteristics of the records and the scaling factors are provided in Table 4. 

The response spectra of the scaled ground motions are given in Fig. 18.  

As before, the superstructure is considered rigid and the isolators superimposed. The equations of 

motion of the system can then be written as: 

 

 

 



 
Fig. 17.  Simulated free vibration Test 3 using Model A with parameter sets S1 and S2 in Table 

3: (a) displacement history; (b) force-displacement response (total force in the 12 HDRBs 

represented). 
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where m is the mass of the building, FR is the restoring force in each of the 12 rubber bearings of 

the isolation system, FS that of the 13 sliding isolators, ügx and ügy the two orthogonal components 

of ground motion, EW and NS respectively. 

 

Table 4.  Characteristics and scaling factors of earthquakes selected for analysis (R is the 

minimum distance from the fault). 

Earthquake Station R [km] ∥PGA∥ [g] Scaling factor 

L'Aquila 2009 AQK 4.8 0.388 0.78 

Irpinia 1980 STR 4 0.330 0.31 

 

   
Fig. 18.  Response spectra of bidirectional ground motions considered: (a) EW components; (b) 

NS components.  

 

The equations of motion (29) are discretized in time using Newmark’s average acceleration 

method [46] and solved by Newton’s method. Model A, calibrated with the laboratory tests 

(parameter set S2 in Table 3), is used for the restoring force in the HDRBs and a 2D elastic-

perfectly plastic model is used for the sliding bearings. A friction force, Fc=3.1962 kN, is assumed 



based on an estimated mass of the finished building, m=1567 kN s2/m, and a coefficient of friction, 

μ=0.52%. The latter was determined from identification of the free vibration tests performed on 

the Solarino building (using mass, m=1183.2392 kN s2/m, and friction force, Fc=2.4370 kN, from 

parameter set S1). The response of the isolation system to the bidirectional earthquake records is 

shown in Figs. 19 and 20.             

 

  

 
Fig. 19.  Response of Solarino base isolation system to bidirectional AQK earthquake record 

(total force in the 12 HDRBs represented). 

 

  

  
Fig. 20.  Response of Solarino base isolation system to bidirectional STR earthquake record 

(total force in the 12 HDRBs represented). 

 



The maximum displacement of the bearings is 17.60 cm under the AQK earthquake and 9.29 cm 

under the STR earthquake. These are both smaller than the maximum permissible displacement of 

20 cm specified by the manufacturer. However, we emphasize that the purpose of the simulations 

is not to assess the performance of the Solarino base isolation system but to illustrate the ability of 

the proposed models to compute the response of HDRBs under bidirectional earthquake excitation. 

 

6. Conclusions 

 

A set of bidirectional models have been suggested for the analysis of the shear behavior of high 

damping rubber bearings to general bidirectional loading. These were obtained by combining a 

number of relatively simple bi-dimensional models and calibrated using a set of unidirectional 

harmonic tests at strain amplitudes varying between 5% and 200%. The models have been 

qualitatively validated over a series of bidirectional test data available in the literature and used in 

free vibration and bidirectional earthquake simulations of a base-isolated building.   

Implementation of the proposed models is straightforward and a unique set of parameters is 

required to characterize the response of the bearings at low, intermediate and high shear 

deformation. Future computational and experimental work involves consideration of vertical 

loading effects on the bearings and bidirectional testing of bearings for model calibration and 

validation.                  
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