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ABSTRACT
Pipelines in earthquake-prone regions can be susceptible to damage through different
failure mechanisms. For above ground pipeline systems, investigating these failures
requires a numerical method that appropriately describes the pipe, the support system,
their interaction and failure modes characterised by local cross-sectional deformations.
Common beam element models using springs for the supports have limitations with
respect to failure description as they can usually not take into account the deformation
of the cross-section. On the other hand, shell elements are capable of describing the
respective failure mechanisms but require a higher degree of discretisation and result
in models of high dimension which causes high computational costs.

In this paper, the Generalized Beam Theory (GBT) model is implemented which can
effectively describe the failure mechanisms and is computationally efficient. GBT
is a beam theory especially formulated for thin-walled sections with a capacity of
determining the cross-sectional deformation through a linear combination of a set
of pre-determined cross-sectional deformation modes. Here, to demonstrate the
application and potential of GBT, a sample pipeline system is analyzed and the results
are presented.

Keywords: Generalized Beam Theory, Trans-Alaska Pipeline System, Denali Earth-
quake

1. Introduction
The relative movement of the pipeline supporting system and the pipeline due to
fault formation during an earthquake can cause large strain developments. Possible
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failure mechanisms for pipelines in such case can be tensile fracture, cross-sectional
ovalization, and buckling [1].

Pipelines and their interaction to the support system can be numerically simulated
to the desired level of detail and accuracy using full scale, hybrid or simplified
element formulations within finite element method (FEM). Full scale models with a
combination of solid and shell elements [2] and hybrid models with combination of
shell and beam elements [3] can adequately describe the respective failure mechanisms
but they are computational expensive especially if a long section of the pipeline needs
to be considered. On the other hand, simplified models with combination of beam and
spring elements [4] are computationally inexpensive and capable of calculating the
longitudinal deformation. However, they cannot describe cross-section response of a
pipeline.

Here, to overcome these disadvantages a Generalized Beam Theory (GBT) is proposed
which is fundamentally a beam element coupled with a cross-sectional analysis using
a combination of a set of predetermined cross-section deformation modes. GBT was
originally developed by Schardt [5] and his co-workers at the Technical University
of Darmstadt to handle open and closed thin-walled sections. Since then, several
research were conducted with respect to circular pipe sections, such as exact element
formulation in GBT using hyperbolic shape functions [6], warping and distortion
transmission in coupled shell-GBT formulation [7] and development of axisymmetric
and torsion deformation modes to partially overcome null transverse extension and
membrane shear strain assumptions [8].

In this paper, the deformation of Trans-Alaska Pipeline System (TAPS) [9] due to
2002 Denali earthquake at Denali fault crossing is modeled using GBT to show the
applicability of the method and evaluate possible damage of the pipeline caused by
cross-sectional ovalization.

2. Linear formulation of GBT
In GBT the displacements (u, v, w) in local coordinate system (x, y, z) (figure1) are
expressed in equation (1) based on the principle of separation of variables, which
contains the superposition of orthogonal modal cross-section displacement functions
for the longitudinal ku(θ), tangential kv(θ), and transverse perpendicular kw(θ) direc-
tions expressed as a function of the polar coordinate θ and an amplification function
kV (x) for each displacement functions k along the beam length. The subscript index
after a comma indicates the derivative of the respective function, for example kV,x(x)
is the first derivative of the amplification function kV (x) in x.

u(x,θ) =
∞

∑
k=1

ku(θ)kV,x(x), v(x,θ) =
∞

∑
k=1

kv(θ)kV (x), w(x,θ) =
∞

∑
k=1

kw(θ)kV (x)

(1)
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For thin-walled Circular Hollow Section (CHS) the cross-sectional deformation can
be exactly described by the linear combination of k number of shell-type deformation
modes defined by two independent sets of orthogonal trigonometric functions.

ku(θ) =
{
−r cos(mθ) if m = (k−1)/2 for k = 1,3,5...

r sin(mθ) if m = k/2 for k = 2,4,6...
(2)

Figure 1: Thin-walled circular cross-section with global (X, Y, Z) and local
(x∈ [−L/2,L/2], y ∈ [0,2π], z ∈ [−t/2, t/2]) coordinate systems.

The CHS beam member is defined in GBT with a complete plate behavior which
satisfy the Love-Kirchhoff assumption and membrane behavior with Vlasov beam
theory assumption of null transverse elongation and shear strain. The linear strain-
displacement relationships [10] are given on equation (3) to (5) as a summation
of membrane and plate strains. The relationship between the displacements u, v
and w can be derived from the assumptions (i) null membrane in plane shear strain:
v,x =−u,θ/r from first part of equation (5) and (ii) null membrane transverse strain:
w =−v,θ = u,θθ/r from first part of equation (4).

εxx = u,x− zw,xx (3)

εθθ =
v,θ +w

r
− z
(w,θθ − v,θ

r2

)
(4)

εxθ =
u,θ
r

+ v,x− z
(4rw,θx−3rv,x +u,θ

2r2

)
(5)

2.1. Principle of virtual works
The GBT fundamental equilibrium equations are derived by means of the principle of
the virtual work. The total potential energy of the member is defined by the virtual
work due to the internal forces and the external loads. The equilibrium condition is
defined if the total potential energy is zero. This gives:

δΠ = δUint +δUext = 0 (6)
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The variation in the virtual work due to internal forces is defined as stress times a
virtual strain component integrated over volume:

δUint =
∫
V

(σxxδεxx +σθθ δεθθ + τxθ δεxθ )dV (7)

The constitutive relation between stresses and strains for isotropic elastic material in
terms of the Young’s modulus E, the shear modulus G and the Poisson’s ratio µ are
expressed by:

σxx =
E

1−µ2 (εxx +µεθθ ), σθθ =
E

1−µ2 (εθθ +µεxx), τxθ = Gεxθ (8)

Substituting the GBT displacement functions on equation (1), the linear strain-
displacement kinematic relation on equation (3-5) and constitutive relation on equation
(17) into equation (7) and integrating it over the wall thickness the δUint can be ex-
pressed as:

δUint =
∞

∑
k=1

∞

∑
i=1

∫ +L
2

−L
2

∮ [ Et
1−µ2

iu(θ)ku(θ)iV,xx(x)kV,xx(x)+

µEt
1−µ2

( iv,θ (θ)+ iw(θ)
r

)
ku(θ)iV (x)kV,xx(x)+

Et3

12(1−µ2)
iw(θ)kw(θ)iV,xx(x)kV,xx(x)+

µEt3

12(1−µ2)

( iw,θθ (θ)− iv,θ (θ)
r2

)
kw(θ)iV (x)kV,xx(x)+

µEt
1−µ2

iu(θ)
( kv,θ (θ)+ kw(θ)

r

)
iV,xx(x)kV (x)+

Et
1−µ2

( iv,θ (θ)+ iw(θ)
r

)( kv,θ (θ)+ kw(θ)
r

)
iV (x)kV (x)+

µEt3

12(1−µ2)
iw(θ)

( kw,θθ (θ)− kv,θ (θ)
r2

)
iV,xx(x)kV (x)+

Et3

12(1−µ2)

( iw,θθ (θ)− iv,θ (θ)
r2

)( kw,θθ (θ)− kv,θ (θ)
r2

)
iV (x)kV (x)+

Gt
( iu,θ (θ)

r
+ iv(θ)

)( ku,θ (θ)
r

+ kv(θ)
)

iV,x(x)kV,x(x)+

Gt3

12

(4riw,θ (θ)−3riv(θ)+ iu,θ (θ)
2r2

)(4rkw,θ (θ)−3rkv(θ)+ ku,θ (θ)
2r2

)
iV,x(x)kV,x(x)

]
r dθ dx (9)



DRAFT

2nd International Conference on
Seismic Design of Industrial Facilities

Aachen, 04.-05.03.2020

Separating the cross-sectional integration, Equation (9) can be rewritten as:

δUint =
∞

∑
k=1

∞

∑
i=1

∫ +L
2

−L
2

[
ikC iV,xx(x)kV,xx(x)+ ikB iV (x)kV (x)+ ikD iV,x(x)kV,x(x)

+ ikDµ [iV (x)kV,xx(x)+ iV,xx(x)kV (x)]
]

dx (10)

The section properties are then expressed as:

ikC =
∮

Qiu(θ)ku(θ)+Kiw(θ)kw(θ)r dθ (11)

ikB =
∮

Q
( iv,θ (θ)+ iw(θ)

r

)( kv,θ (θ)+ kw(θ)
r

)
+

K
( iw,θθ (θ)− iv,θ (θ)

r2

)( kw,θθ (θ)− kv,θ (θ)
r2

)
r dθ (12)

ikD =
∮

Gt
( iu,θ (θ)

r
+ iv(θ)

)( ku,θ (θ)
r

+ kv(θ)
)
+

Gt3

12

(4riw,θ (θ)−3riv(θ)+ iu,θ (θ)
2r2

)(4rkw,θ (θ)−3rkv(θ)+ ku,θ (θ)
2r2

)
r dθ

(13)

ikDµ =
∮

µQ
( iv,θ (θ)+ iw(θ)

r

)
ku(θ)+µK

( iw,θθ (θ)− iv,θ (θ)
r2

)
kw(θ)r dθ (14)

K =
Et3

12(1−µ2)
(15)

Q =
Et

(1−µ2)
(16)

Here in order to achieve the diagonalization of the stiffness matrix the integration
of the two warping functions for mode i and k must be eliminated for i 6= k. This
must be true not only for the warping function itself, but also its derivation until the
fourth order. Hence, to satisfy this unique property the orthogonal warping function
on equation (2) are chosen by Schardt [5].∮

iu(θ)ku(θ)dθ = 0 f or i 6= k (17)

The section properties coefficient C, B and D represent the section warping, transverse
bending and torsional stiffness respectively. The summary of the warping functions
and the corresponding cross-section properties are listed in the tables 1 and 2.

2.2. The finite element formulation
In the longitudinal direction, member analysis is performed using beam finite element
method. The shape functions used to approximate the modal amplification kV (x) are
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Table 1: Summary of warping functions.

Mode k
Warping Functions

u(θ) v(θ) w(θ)

t 0 r 0

a 0 0 1

1 1 0 0

2m rsin(mθ) −mcos(mθ) −m2sin(mθ)

2m+1 −rcos(mθ) −msin(mθ) m2cos(mθ)

Table 2: Summary of section properties for classical GBT, axisymmetric and torsional
modes.

Mode k
Section Properties

C B D Dµ

t 0 0 Gπtr(2r2 +
3
8

t2) 0

a K2πr Q
2π

r
0 0

1 Q2πr 0 0 0

2m
Qπr3 +Kπrm4 K

πm4

r3 (m2−1)2 G
πt3m2

3r
(m2−1)2

µK
πm4

r
(1−m2)

2m+1

the four node Lagrange cubic polynomial for the axial extension mode k = 1 and
the classic Hermite cubic polynomials for the rest of shell-type modes. Hence, the
displacement amplification function V (x) can be defined as a product of the shape
function in a term vector {Tx} of x, a completeness coefficient matrix [Sh] of the shape
function and the nodal deformations {ϑ}:

kV (x) =
{

kTx

}[
kSh
]{

k
ϑ

}
(18)

2.3. Numerical example
As an example a cantilever pipe section is used to compare a GBT and an equivalent
shell element model solution. As shown in figure 2, a 10m cantilever cylindrical
pipe section with a diameter of 1.0m and a wall thickness of 10mm is considered
and a projected area load of 0.01N/mm2 applied to the half section of the pipe. The
elastic material parameters used are Young’s modulus E = 205,000N/mm2 and shear
modulus G = 78,846.2N/mm2. Poisson effect is neglected in this example. The GBT
model is discretized into 100 beam elements and considered 7 deformation modes
which can be somehow interpreted as degrees of freedom (DOF). On the other hand,
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the equivalent shell element model is developed using 3600 quadrilateral elements
with 6 DOF per node. The model is developed in ANSYS using SHELL181 element
formulation which is based on Reissner-Mindlin kinematic assumption and uses a
linear interpolation function.

10m

r=500mm

1m x

A

t=10mmq=0.01N/mm2

q=
0.

01
N

/m
m

2

Pipe Section

Modes Considered
a 1 3

5 7 9 11

Fixed

A

Figure 2: A cantilever cylindrical pipe example.

The first step in GBT is the transformation of the projected load q into the local
coordinate system v and w direction. The load contribution in each mode is then
determined by integration of the modal decomposition which is the inner product
of the projected load with the deformation modes on equation (2). In this example,
there is no participation from even modes since this integral is zero. Detailed linear
GBT solution procedure can be found in [6]. In figures 3 and 4 the results of GBT is
presented in comparison with shell element results. The displacements in figure 3 are
the resultant displacement of Y,v and Z,w directions.

Max= 15.52
Min= -15.52 

(a) Tip global displacement (scaled by 10)

Max=  0.17 
Min= -0.19

u mm

 GBT
 Shell 
 Cross-section

(b) Local deformation at section A
(scaled by 103)

Figure 3: Comparison of displacements in mm
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Max= 10.63 
Min= -6.10

M_x2  N.mm/mm

(a) Mx

Max= 42.92 
Min= -48.64

M_theta  N.mm/mm

(b) Mθ

Max= 17.56 
Min= -17.56

M_x_theta  N.mm/mm

 GBT
            Shell 
 Cross-section

(c) Mxθ

Figure 4: Comparison of bending moment at section A in Nmm/mm.

Max= 556.34 
Min= -472.84

N_x N/mm

(a) Nx

Max=  0.25 
Min= -3.55

N_theta N/mm

(b) Nθ

Max= 61.18 
Min= -61.18

N_x_theta N/mm

GBT
Shell 
Cross-section

(c) Nxθ

Figure 5: Comparison of normal force at section A in N/mm.

Table 3: Summary of comparison of GBT and shell results.

Mx Mθ Mxθ Nx Nθ Nxθ Ulocal Uglobal

Relative mean difference (%) 3.82 −8.72 1.02 6.18 −7.52 −4.72 −1.92 0.03

Standard deviation (%) 12.18 25.63 29.28 14.23 21.67 14.08 27.09 −

Table 3 shows the quantitative difference between the GBT and shell model using the
mean of the relative difference of the curve plotting points and its standard deviation.

3. Trans-Alaska Pipeline System (TAPS)
TAPS is a 1287km long pipeline system with 1219mm diameter crossing Alaska from
north to south transporting crude oil [9] [11]. The above ground part of the pipeline
was designed as in a zigzag configuration with a sliding pipe support which allows the
pipe to contract and expand due to temperature change and to resist seismic movements
by sliding laterally and longitudinally. In order to limit these movements, the pipeline
was anchored at certain distances using a high friction resistance support.

The part of TAPS which has been considered in this study is the 579m length pipeline
section at the Denali fault crossing. This section of the pipeline was supported at
approximately 18m intervals at the ground level on a crossbeam. The coefficients of
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static and dynamic friction between the sliding pipe shoe and the beam support are
0.10 and 0.05 respectively (Figure 8a). These beams in the fault zone were arranged
and sized according to the type of fault which in this case is a right lateral strike-slip
fault (Figure 6). Anchors were located at north and south end of the special Denali
fault crossing zone.

3.1. GBT model of TAPS
A GBT model has been developed for the length of the pipeline starting from the
north end upto the south end anchor points including all the grade beam supports
in the design fault zone and some vertical support members near the anchors. The
2002 Denali earthquake caused a right lateral horizontal slip of about 5.50m at the
pipeline fault crossing putting the pipeline under compression. This fault displacement
is introduced into the GBT model as a prescribed displacement at the supports based
on the post earthquake measurements done on the positions of the pipe shoes and the
beam supports (Figure 6). Here, the major advantage of the GBT model is the capacity
to determine the extent of the pipe cross-section ovalization due to the excessive
transverse bending caused by the fault displacement.

~60°

18m

N

2.80m

Pipeline Position

Pre-earthquake

Pipeline Position

Post-earthquake

Beam Location

Pre-earthquake

Beam location

Post-earthquake

2.80m

Visible Ground

Ruptures

2.50m

2.30m

1.40m

0.60m

1.90m

2.10m

2.00m

2.10m

2.10m

2.10m

Movement of the

Beam Support

South End

Anchor

Figure 6: Schematic of the pipeline crossing of the Denali fault [9].

The GBT model in figure 7 is made up of 720 elements (1m element size) with four
local modes (5, 7, 9 and 11) in addition to the global modes. In the model there are 41
supports in every 18m distance. The DOF in the vertical direction is not considered in

0 100000 200000 300000 400000 500000 600000

Before fault pipeline and grade beam position 
After fault grade beam support position 
After fault pipeline position

N

BC

D
en
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i F
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 (a
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x.
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n)

Figure 7: GBT model of the pipeline after introducing the fault displacements.

the model since the elevation profile of the pipeline was not available to the authors.
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Hence, consideration of the vertical fault, which was additional to the major horizontal
slip, was not possible. The GBT result of after fault position of the pipeline in figure
7 can be qualitatively compared with the actual fault displacement in figure 8b. In
both cases bending or bowing of the pipeline and displacement of the pipe shoe to the
outward direction is observed to accommodate the compressive displacement.

(a) Before fault slip (b) After fault slip

Figure 8: TAPS at the fault crossing [9].

Possible local damage of the pipeline caused by cross-sectional ovalization and large
stress development can be identified at any section of the GBT model. Here, two
sections (B and C) with large traversal displacement are selected as shown in figure 7.

Max=  2.76 
Min= -2.80

u mm

(a) Ulocal(mm) (scale 102)

Max= 622.35 
Min= -648.97

M_theta  N.mm/mm

(b) Mθ (Nmm/mm)

Max= 54.84 
Min= -32.74

M_x  N.mm/mm

GBT

GBT

Cross-section

(c) Mx (Nmm/mm)

Max= 1477.17 
Min= -755.15

N_x N/mm

GBT

GBT

Cross-section

(d) Nx (N/mm)

Figure 9: Section B local deformation (ovalization) and major section forces.

According to the GBT cross-sectional analysis at section B (Figure 9) and at section
C (Figure 10) the maximum longitudinal axial stress are 126.25MPa and 308.68MPa
respectively. The cross-sectional ovalization (Figure 9a and 10a) which is mainly
caused by the transverse bending moment is well below the elastic deformation limit
of the pipe in both sections .
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Max=  0.72 
Min= -0.79

u mm

GBT

GBT

Cross-section

(a) Ulocal(mm) (scale 102)

Max= 173.36 
Min= -204.84

M_theta  N.mm/mm

(b) Mθ (Nmm/mm)

 Max= 64.66
 Min= -64.91

M_x  N.mm/mm

GBT

GBT

Cross-section

(c) Mx (Nmm/mm)

Max= 3611.61 
Min= -3441.90

N_x N/mm

GBT

GBT

Cross-section

(d) Nx (N/mm)

Figure 10: Section C local deformation (ovalization) and major section forces.

4. Conclusion
Using a numerical example and an actual case study the potential of GBT is demon-
strated in this paper. After considering the several assumptions made in the TAPS
model, the GBT results are quite satisfactory and comparable with the actual post-
earthquake results. The incredible computational speed of GBT in comparison with
an equivalent shell model, makes it suitable for long pipeline analyses.

Currently studies are being conducted to improve the boundary conditions, to consider
the dynamic effect and extending the linear GBT formulation into nonlinear analyses
to include the coupling effect of the deformation modes.
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